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LCK metrics on Oeljeklaus-Toma
manifolds vs Kronecker’s theorem
Victor Vuletescu1
Abstract
A locally conformally Ka¨hler (LCK) manifold is a mani-
fold which is covered by a Ka¨hler manifold, with the deck
transform group acting by homotheties. We show that
the search for LCK metrics on Oeljeklaus-Toma manifolds
leads to a (yet another) variation on Kronecker’s theorem
on units. In turn, this implies that on Oeljeklaus-Toma
manifold associated to number fields with 2t complex em-
beddings and s real embeddings with s < t there is no
LCK metric.
1 Introduction
1.1 Locally conformally Ka¨hler structures
A locally conformally Ka¨hler (LCK) manifold is a complex manifold X,
dimCX > 1, admitting a Ka¨hler covering (X˜, ω˜), with the deck transform
group acting on (X˜, ω˜) by holomorphic homotheties. In other words, for all
γ ∈ pi1(X) ⊂ Aut(X˜) there exists some χ(γ) ∈ R>0 such that
γ∗(ω˜) = χ(γ)ω˜.
The positive numbers χ(γ) are called the automorphy factors of X.
LCK manifolds were introduced in the late 70’s by I Vaisman, in an
attempt to exhibit interesting metrics on non-Ka¨hler manifolds. Basically,
Vaisman noticed that the fundamental group of a standard Hopf manifold
X (for simplicity, generated by (z 7→ 2z)) acts on the standard flat metric
ω0 on C
n \ {0} by homotheties; consequently, the metric 1|z|ω0 descends to
the quotient. Thus, even if X has no Ka¨hler metric (for instance, since it
has first Betti number equal to 1), it still carries a interesting metric, as
1
|z|ω0 is loccally conformal to a Ka¨hler one.
Deciding whether a given (compact) complex manifold belongs or not to
the class of manifolds carrying an LCK metric is a rather tricky problem.
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No general procedures can apply; this class is known not be closed under
(even small!) deformations, and is still an open problem whether is closed
or not under taking products or finite quotients. On the other hand, no
general (e.g. topological) restrictions are known; except for the non-simply-
connectedness, only some mild restrictions are known on the fundamental
group of a compact compact manifold that prevent it from having LCK
metrics with additional properties (see e.g. [OV3]).
Despite these difficulties, along the years, a rather suprising result e-
merged: almost all compact complex non-Ka´hler surfaces have LCK metrics!
A rough chronological list would include (apart from standard Hopf surfaces
from Vaisman’s original paper): one class of Inoue surfaces (Tricerri, 1982,
[Tri]), general Hopf surfaces (Gauduchon-Ornea, 1998, [GaOr]), elliptic sur-
faces and another class of Inoue surfaces (Belgun, 2000, [Bel]) and eventu-
ally the only known examples of surfaces in Kodaira’s class V IIb with b > 0,
namely Kato surfaces (Brunella, 2010-2011, [Bru1], [Bru2]). Let us mention,
that the only class of non-Ka¨hler surfaces known so far not to admit LCK
structures is a third class of Inoue surfaces (Belgun, [Bel]) and, possibly,
some hypothetical non-Kato surfaces in class V IIb, b > 0 - which are also
supposed, by the global spherical shells conjecture, not to exist!
In higher dimensions, the only know examples to-day are complex struc-
tures on products of spheres of the form S1 × S2n−1 (and their complex
submanifolds; see e.g. [OV1], [OV2]) and some Oeljeklaus-Toma manifolds,
which will be described below.
1.2 Oeljeklaus-Toma manifolds
We follow the original paper [OeTo]. Fix a number field K having s > 0 real
embeddings ang 2t > 0 complex embeddings. Let H be the complex upper
half plane; then the ring of integers Ø(K) of K acts on Hs ×Ct by
a · (z1, . . . , zs+t) = (z1 + σ1(a), . . . , zs+t + σs+t(a)) .
Next, the group of totally positive units Ø∗,+K (i.e. units u ∈ Ø
∗
K with
positive value in all real embedings of K) also acts on Hs × Ct in a similar
way by
u · (z1, . . . , zs+t) = (σ1(u)z1, . . . , σs+t(u)zs+t) .
If a subgroup U ⊂ Ø∗,+K with rank(U) = s is such that its projection onto
its first s factors of its logarithmic embedding is a full lattice in Rs (such
subgroups are called admissible subgroups) then combining the above action
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of ØK with the action of units in U gives a co-compact, properly discontinous
action of U⋉ØK on H
s×Ct; the resulting quotient will be denoted X(K,U)
and called an Oeljeklaus-Toma manifold.
We recollect some facts about the manifolds X(K,U); once again, we
refer the original paper [OeTo] for details and proofs.
Theorem 1.1: a) For any choice of the number fieldK and of the admissible
subgroup U , the manifold X(K,U) is non-Ka¨hler;
b) for t = 1, s > 0 and any choice of admissible U , the manifold X(K,U)
has an LCK structure;
c) for s = 1, t > 1 and any choice of admissible U , the manifold X(K,U)
has no LCK structure.
2 The results
A classical theorem due to L. Kronecker (in 1857) asserts that if a unit of
some number field K has the same absolute value in all the embeddings of
K must be a root of unity.
Since then, many variations of this theme (algebraic integres with speci-
fied restrictions on the absolute values of it Galois conjugates) appeared. As
we shall see below, the search for LCK metrics on Oeljeklaus-Toma mani-
folds leads naturally to a (yet another) problem in this theme, namely the
search for units of number fields with the same absolute value in all complex
embeddings.
This is due to the following:
Lemma 2.1: If an Oeljeklaus-Toma manifold X = X(K,U) has an LCK
metric, then its automorphy factors χ(u) for u ∈ U are given by:
χ(u) = |σs+1(u)|
2 = · · · = |σs+t(u)|
2 (2.1)
for all u ∈ U. In particular, for all u ∈ U one has
|σs+1(u)| = · · · = |σs+t(u)|.
Proof. Assume that ω is Ka¨hler metric on Hs × Ct upon which U ⋉ ØK
acts by homotheties. Then ω can be written as
ω =
∑
i,j=1,s+t
hijdzi ∧ dzj .
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By an average argument, as in [OeTo], we can assume that all the coefficients
of ω depend only on z1, . . . , zs. Next, we infer that all hii, i = s+1, . . . , s+ t
are constant. Indeed, if this would not be the case, then
∂hii
∂zk
6= 0
for some 1 6 k 6 s. But from the Ka¨hlerianity assumption we get that also
∂hki
∂zi
6= 0,
a contradiction with our assumption on hki. Now the conclusion on the
automorphy factors follows at once.
3 The number-theoretical issues
In this section, we state and prove the main number-theoretical ingredients
needed for the proof of the main result. Since this section may be of interest
for number-theorists (who may wish to skip the other sections), we recall
the setup.
Fix K a number field with s real mebedings and 2t complex embeddings;
we label σi, i = 1, . . . , s + 2t its embeedings, with the convention that the
first s ones are real, and for any i = 1, . . . , t one has σs+t+i = σs+i.
We will introduce the following ad-hoc terminology, inspired by the equal-
ities (2.1), which we consider suggestive for the geometrical context we are
working in.
Definition. A unit u ∈ Ø∗K will be called homothetical if
|σs+1| = · · · = |σs+t(u)| 6= 1
and respectively isometrical if
|σs+1| = · · · = |σs+t(u)| = 1.
We recall also the notion of admissible subgroup of units, needed for the
construction of Oeljeklaus-Toma manifolds; it is a subgroup U ⊂ Ø∗K whose
projection onto its first s factors in in its logarithmic embedding form a full
lattice in Rs.
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Recall that for the construction of Oeljeklaus-Toma manifolds, we need
admissible subgroups U with rank(U) = s. The main scope of this section
is to prove that for 1 6 s < t such subgroups do not exists.
Theorem 3.1: Let X = X(K,U) be an Oeljeklaus-Toma manifold associ-
ated to a number fieldK with s real embeddings and 2t complex embeddings
and to an admissible subgroup U ⊂ Ø∗,+K . If 1 < s < t then X has no lck
metric.
Proof. The plan of proof is follows. Assuming X has an LCK metric,
we prove first that all homothetical units have degree < [K : Q]. This will
imply that there is some proper subfield L ⊂ K such that U ⊂ Ø∗L. But this
will force some of the complex embeddings of these units to have different
absolute value, contradiction.
To prove the first assertion, let u ∈ U be a homothetical unit of maximal
degree deg(u) = [K : Q], and let us label by r1, . . . , rs its images under the
real embeddings and respectively z1, . . . , z2t its images under the complex
embeddings (with the convention that zt+i = zi for all i = 1, . . . t). Let us
also denote by R the common value of |zk|, k = 1, . . . , t.
Recall that we have:
z1z1 = · · · = ztzt. (3.1)
Let Kncl be the normal closure of K; then for any i = 1, . . . , s there exists
some σ ∈ Gal(Kncl|Q) such that σ(z1) = ri. Applying σ to (3.1) we get
riσ(z1) = · · · = σ(zt)σ(zt.) (3.2)
Since s < t, in the above equations (3.2) we must have at least one factor
of the form σ(zk)σ(zk) equal to some zαzβ for some k = 2, . . . t and some
α, β ∈ 1, . . . , 2t. Hence, we have
riσ(z1) = zαzβ . (3.3)
We consider the occuring possibilities.
Case 1. There is some γ(i) ∈ 1, . . . , 2t such that σ(z1) = zγ(i). Taking
absolute values, we get ri = R. But then, since u was assumed to be of
degree
deg(u) = [K : Q]
we have that all the z1, . . . , z2t are distinct, so by [Boyd], the minimal
polynomialf ∈ Q[X] of u is of the form f(X2t+1). We get 2t + 1|s + 2t;
but this is absurd, as 1 < s < t.
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So we are left with
Case 2. For all i = 1, . . . , s, there exists ϕ(i) ∈ 1, . . . , s and some α(i), β(i) ∈
1, . . . 2t such that rirϕ(i) = zα(i)zβ(i). Again, taking absolute values we get
rirϕ(i) = R
2.
Noticing that ϕ is a bijection, (since by assumption u was of maximal degree,
so all the r′is are distinct), we this this implies
s∏
i=1
ri = R
s.
But as u is a totally positive unit, we have(
s∏
i=1
ri
)
R2t = 1,
hence we get R = 1, again a contradiction, as u was assumed to be a
homothetical unit. We conclude that every homothetical unit has degree
< [K : Q].
Next, let L1, . . . , LM be the set of proper subfields of K generated by
the homothetical units (i.e. for each i there is some homothetical unit ui
such that Li = Q(ui)) and for each i = 1, . . . ,M let
Ci = {u ∈ U |u=homothetical unit, u ∈ Li}.
Let us also Isom(U) for the subset of U formed by the isometrical units; it
is a proper subgroup of U. As
M⋃
i=1
Ci = U \ Isom(U)
we see U =< Ci0 > for some i0 (where < Ci0 > is the subgroup generated
by Ci0). Hence,
U ⊂ Ø∗Li0
.
But then, at least two complex embeddings σk, σl of K lie over different
real embeddings of Li0 . To see this, let s
′ (respt 2t′) be the number of real
(respectively complex) embeddings of Li0 and let l = [K : Li0 ]. As U is
admissible, we must have s′ = s (cf [OeTo], Lemma 1.6) and the restriction
of any two different real embeddings of K to Li0 cannot coincide. If at
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most one real embedding of L extends to a complex embedding of K, then
s > l(s′ − 1). We further get
s > l(s− 1)
If s > 3 we get l = 1, a contradiction. For s = 2, we get l = 2 = s′.
But as l = 2 and as any real emebdding of Li0 extends to at least one real
embedding of K, we get s > 4, a contradiction again.
Hence |σk(ui0)| 6= |σl(ui0)|, contradiction with the assumption on ui0 .
Q.E.D.
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